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Finite Element Nonlinear Flutter and Fatigue Life of
Two-Dimensional Panels with Temperature Effects

David Y. Xue* and Chuh Meif
Old Dominion University, Norfolk, Virginia 23529

A frequency domain method for two-dimensional nonlinear panel flutter with thermal effects obtained from
a consistent finite element formulation is presented. von-Karman nonlinear strain-displacement relation is used
to account for large deflections, and the quasisteady first-order piston theory is employed for aerodynamic
loading. The panel motion under a combined thermal-aerodynamic loading can be mathematically separated
into two parts and then solved in sequence: 1) thermal-aerodynamic static deflection (time-independent equi-
librium position), and 2) limit-cycle oscillations. The finite element frequency domain results are compared with
numerical time domain solutions. In a limit-cycle motion, the panel frequency and stress can be determined,
thus fatigue life can be predicted. The influence of temperature and dynamic pressure on panel fatigue life is
presented. Endurance and failure dynamic pressures can be established at a given temperature from the present
method.

Nomenclature
[aa], [Aa] = element and system aerodynamic

influence matrices
c = maximum of {W}t
D = bending rigidity, Eh3/I2(l - v2)
E = Young's modulus
ga = nondimensional aerodynamic

damping
[#L [G] = element and system aerodynamic

damping matrices
h = plate thickness
[k], [K] = element and system stiffness

matrices
/, L = element and plate lengths
MOO = Mach number
[m], [M] = element and system mass matrices
TV = cycles to failure
[nl], [«2], [M], [N2] = element and system nonlinear

stiffness matrices
{/?}, {P} = element and system force vectors
q = dynamic pressure, paV2/2
u, w = element displacement functions
V = airflow speed
{w}, {W} = element and system nodal

displacements
x, z = coordinate axes
a. = panel damping rate or coefficient

of thermal expansion
j8 = VM2 - 1
s = total strain
K = eigenvalue
A = nondimensional dynamic pressure,

2qL3/pD
v = Poisson's ratio
p = mass density
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cr = stress
{<£} = mode shapes
ft = complex panel motion parameter,

a + i(o
a) = frequency

Subscripts
a = air, alternate
b = bending
cr = critical
e = endurance
/ = failure
/ = limit-cycle
m = mean, membrane
s = static
t — time-dependent, tensile
AT = thermal

Introduction

T HE panel flutter phenomenon, a self-excited oscillation
in supersonic flow, has been studied experimentally and

analytically for decades.1"20 Small-deflection linear theory es-
tablishes that there is a critical dynamic pressure (or airflow
speed) beyond which the panel motion becomes unstable.
However, the panel flutter experiments2'3 showed that the
panel oscillations are stable and independent from initial con-
ditions. This motion is called limit-cycle oscillation and large-
deflection nonlinear theory is required to predict such motion.
Surveys on panel flutter have been given by Dowell,4 and
recently by Reed et al.5 In analytical studies, a number of
methods exists for the investigation of limit-cycle oscillations
of panel behavior, e.g., harmonic balance,6'7 perturbation,8'9
time numerical integration,10'11 and finite element12"17 meth-
ods. In most studies, the effects of uniform temperature are
treated as an equivalent mechanical loading.

Few flutter analyses have dealt with thermal loading di-
rectly.1'18'20 Due to the development of high supersonic flight
vehicles, such as the National Aero-Space Plane and High
Speed Civil Transport, the thermal effects and an efficient
and accurate finite element flutter analysis is required to meet
the needs for designing complex panels. The thermal envi-
ronment can affect panel motions by introducing thermal in-
plane forces and thermal bending moments, and altering ma-
terial properties. Although mechanical loading could simulate
some simple temperature distributions, thermal stress analysis
is necessary since simple mechanical loading cannot be sub-
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stituted for a complex temperature distribution. According to
the authors' knowledge, there is no analytical study available
in the literature on nonlinear panel flutter with nonuniform
temperature distributions using finite element methods. This
research is focused on developing a consistent finite element
formulation and solution procedure for nonlinear panel flutter
with effects of temperature. The present finite element pro-
cedure is a frequency domain solution based on the panel
undergoing limit-cycle oscillations. The finite element system
differential equation contains a time-independent loading due
to temperature; so that the solution of total panel motion is
the sum of a time-independent static equilibrium position
(particular solution) and a time-dependent dynamic oscilla-
tion (homogeneous solution). Both the static equilibrium po-
sition and the dynamic oscillation are considered to be large.
The static equilibrium solution gives stability boundaries which
distinguishes panel behavior into five regions: 1) flat panel,
2) buckled panel, 3) harmonic motion, 4) periodic (nonhar-
monic) motion, and 5) chaotic motion. The dynamic solution,
on the other hand, gives dynamic stability boundaries and
limit-cycle responses. The finite element limit-cycle results
are compared with time domain solutions. In the iterative
solution procedure, the nonlinear stiffness matrices are re-
evaluated for the updated panel deflection and the nonlinear
time functions are approximated by a simple harmonic func-
tion.17'21 In limit-cycle motions, panel frequency and ampli-
tude can be determined uniquely (independent from initial
conditions) for given sets of temperature and dynamic pres-
sure. Therefore, the cyclic stress can be calculated. By ap-
plying certain fatigue analysis method, i.e., Heywood's ap-
proach,22 the fatigue life of a panel can be estimated. Examples
of fatigue life estimation are given in this article. A dynamic
pressure vs fatigue life (A-// curve) relation is presented for
panel fatigue life analysis, and interesting endurance and fail-
ure dynamic pressures can be found for each different tem-
perature. This may aid in practical panel design.

Finite Element Formulation
Consider the flat panel of L, /z, and p, with air flowing

above the panel at Mx and a temperature change AT(x),
shown in Fig. 1. It is assumed that the air flowing above the
panel is in the positive x direction and that the effects of the
cavity on the back side of the panel can be neglected.

For an isotropic Hookean material under a state of plane
stress and subjected to AT(;t), the stress-strain and strain-
displacement relations for a thin two-dimensional plate (ev =
e, ey = 0) are

or =
1 - v2 e -

aE
\ - v

e — u — zw .

(1)
(2)

where E, v, and thermal expansion coefficient a could be
temperature-dependent. The quasisteady first-order piston
theory23 is employed for aerodynamic loading. By applying
the principal of virtual work, the equations of motion for a
two-dimensional plate element subjected to a simultaneous

and A can be derived as

0

1 \[nlNu]
2 \[nlmb]

[nlbm] , 1 [n2b] 0
0 ^ 3 0 0

(3)

Temperature A"T(x)

Aerodynamic pressure
(fst-order piston theory)

Deformed shape

Fig. 1 Panel geometry.

where the element matrices and thermal load vector are de-
rived in detail,1 and the dynamic pressure A = 2qL3/fiD and
aerodynamic damping ga = paV(M^ - 2)//33p/io>0 are non-
dimensional parameters, and co0 = (D/p/iL4)1/2 is a reference
frequency.

System Equations and Solution Procedures
Summing up the contributions from all the elements and

taking account of the boundary conditions, the system equa-
tions of motion can be expressed in matrix form as

[K -

(g>0)[G]{W} + \[Aa]{W}

+ itfl + iA/2]{W} = {Pir} (4)

where [A^NAr] is the system geometric stiffness due to thermal
stress resultant N&T,'[N1] and [N2] are the first- and second-
order nonlinear system stiffness matrices which depend lin-
early and quadratically upon {W}, {PAr} is the system thermal
load vector, and {W}< = [{Wb}[, {Wm}']. Equation (4) is a set
of differential equations with respect to time t, and the right
side force term is independent o f t . A mathematic treatment
is to assume that the solution is the sum of a time-dependent
homogeneous solution and a time-independent particular so-
lution. For this problem, the homogeneous solution refers to
a self-excitated dynamic oscillation, {W}r, and the particular
solution refers to a static equilibrium thermal-aerodynamic
deflection, {W}s, as

= {W}s + {W}, (5)

where both deflections {W}s and {W}t are considered to be
large. Substituting Eq. (5) into Eq. (4), Eq. (4) can be sep-
arated into two equations

([K] -

+ ([K] -

+ ([N2]st

(ga/co0)[G]{W}t + \[Aa]{W}t

] + [M], + [N2]s){W}t

, = 0

(6)

(7)

The subscripts s and t, denote that the corresponding nonlin-
ear stiffness matrix is evaluated using {W}s or {W}t. Close
examination of Eqs. (6) and (7), reveals that 1) Eq. (6) is a
set of nonlinear algebraic equations and Eq. (7) is a set of
nonlinear differential equations; 2) there is coupling between
aerodynamic pressure (A[AJ, ga[G]) and thermal loading
(l*WL {^AT}); and 3) Eq. (6) has to be solved first to de-
termine {W}s, the {W}t can then be found from Eq. (7).
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W+i}, = {W,}, + {AW,},

where the {AWJ5 is determined from

Thermal/ Aerodynamic Postbuckling Deflection
Equation (6) can be referred as a postbuckling problem

with the effects of a set of combined dynamic pressure A and
temperature ratio Ar(^)/ATcr (where Ar(*) is the tempera-
ture change and Arcr is the critical buckling temperature). It
can be solved by using the Newton-Raphson iterative method
for the /th iteration as

(8)

(9)

and the tangent stiffness matrix is given by

[K]tm = \(Aa] + [K] - [7W] + [MJ, + [N2,]s (10)

{AP,-} = {PAT} - (\[A.] + [K] - [KNAT]

+ i[M,l. + i^UXWJ. (11)

The detailed procedure has been given in Ref. 1.

Critical Dynamic Pressure and Flutter Boundary
After obtaining {W}s from Eq. (6), the critical dynamic

pressure of the aerodynamic/thermally loaded panel can be
determined from Eq. (7) by dropping the nonlinear terms and
neglecting the effects of inplane inertia as

(12)

where the nondimensional K and linear flutter stiffness matrix
are

ft
- ga

ft

[Kb] -

[N2b]s -

(13)

(14)

The critical dynamic pressure Acr is the pressure which makes
the coalescence of the first and second eigenvalues Ka and K2.

Limit-Cycle Amplitude—Dynamic Pressure Relation
The dynamic equation, Eq. (7), is solved by using the lin-

earized updated mode with nonlinear time function (LUM/
NTF) approximation.17'21 This method assumes a simple har-
monic solution by neglecting the higher harmonics, since the
higher harmonic terms normally have a small influence on
responses. Thus, the large-amplitude panel flutter with AT(x)
becomes an iterative and linearized eigenproblem

K][Mb]{4>,} = ([*]„„

where the linearized stiffness matrix is

(15)

[N2b]s, - k[

(16)

Detailed matrix expressions are given in Refs. 1 and 17. For
a given maximum deflection (c = max{W},), the limit-cycle
dynamic pressure A/ is determined by coalescence of the two
lowest eigenvalues K^ and K2.

Fatigue Life Estimation
In flutter experiments, it has been observed that many panels

failed before the steady-state flutter motions were reached.
It could be considered that fatigue plays an important role in
failure of such panels.24 In a fatigue analysis, stresses and
failure cycles are the basic parameters. The panel failure cycles
N is related to the panel frequency. For general nonlinear
structural vibration, the displacement and the frequency are
related to each other; thus, the stress level and failure cycles
N are coupled. They are determined by initial conditions for
free vibrations and dominated by the input force for steady-
state forced vibrations. In panel flutter limit-cycle motions,
the dynamic equations of motion, Eq. (7), are similar to those
for a free vibration problem, but the responses are inde-
pendent from the initial conditions. How do these features
affect fatigue analysis? This question is addressed by the fol-
lowing.

Stress Representation
The stress expression, Eq. (1), can be rewritten in terms

of panel displacements as

a = (17)

Substituting the expression for {W} from Eq. (5) into Eq.
(17), the stress can be separated to three parts

- z(wt + ws),x
aE

= (Tj + CT2 + CT3

where

(18)

(19a)

1 - v2

aE

(19c)

The stress component o^ is a time-dependent stretching stress,
cr2 is a time-dependent bending stress, and a3 is a static stress.
For a harmonic limit-cycle oscillation, the thermal-aerody-
namic deflection of the panel is zero ({W}s = 0), and the
stress components become

a, =

0-2 =

aE
1 - v

(20a)

(20b)

(20c)

Hey wood's Fatigue Approach
The fatigue life analysis of various aircraft materials has

been studied in Ref. 25, and Heywood's engineering approach
was applied to common aluminum alloys. This approach22 is
based on testing and can be expressed as

aa = ±at[l - am/at][A0 - A0)] (ksi) (21)
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Fig. 2 Heywood's aa-N curve [Eq. (21)].

where

0.045o-r)]/(l

y = (<7m/C7r)/[l

n = log(AO

In Eq. (21) aa (ksi) is the alternating stress, crt (ksi) is the
temperature-dependent ultimate tensile strength of the ma-
terial, and crm (ksi) is the mean stress and TV is the number
of cycles to failure. Equation (21) can be used to estimate the
fatigue characteristics of an aluminum alloy panel knowing
any three of the parameters cra, crm, N, or at and solving for
the fourth parameter. In the common fatigue analysis, Eq.
(21) is plotted as a crfl-log N(S-N) or cra-crm (Goodman dia-
gram) curve. For example, Fig. 2 shows the crfl-log N curve
at am = 7.83 ksi (and Fig. 3.5 of Ref. 22 for aa-o-m curve) at
(7r = 40 ksi.

Dynamic Pressure vs Fatigue Life
In panel flutter fatigue analysis, it is inconvenient to use

o^-log (N) or aa-o-m curve, since cra and am are related to
frequency for a certain panel, and they are determined uniquely
at a given temperature and dynamic pressure. That is, a panel
under varying A would have different cra-log (N) or cra-crm
curves, and on each curve only one point (cra, <jm, N) suits
the panel behavior. On the other hand, N may not be a clear
measure of service life, since for the same TV the related fre-
quencies will give different life quantities. By applying Hey-
wood's approach and transferring life cycles N to lifetime
hours H for the stresses associated with various flutter dy-
namic pressures A, a X-H curve (flutter dynamic pressure vs
failure hours) can be plotted for a certain panel at a given
temperature. An endurance dynamic pressure can also be
determined. This is important information for panel design.

Results and Discussion
The present finite element method is applied to a simply

supported panel with immovable inplane edges [w(0) = u(L)
= 0] subjected to a combined airflow and temperature. The
solution procedure is divided into two steps: 1) a static equi-
librium solution from Eq. (6), and 2) a limit-cycle oscillation
from Eq. (7). The first step has been studied in detail in Ref.
1. For the sake of completeness, some of the results are in-
cluded here.

The two-dimensional plate considered is aluminum with the
properties and dimensions: E = 10.4 x 106 psi, v = 0.3,

a = 12.9 x 10~6 in./in./°F, h = 0.064 in., L = 12 in., and
p = 261.658 x 10~6 Ib-s2/in.4 All of the finite element results
presented in this study are for 12-element solutions required
for convergence in Ref. 1.

Comparison with Time-Domain Solutions
A comparison was first made with Dowell's six-mode limit-

cycle oscillation results (Fig. 8 of Ref. 10), obtained by nu-
merical time integration. However, since the finite element
formulation presented here differs slightly from the formu-
lation presented in Ref. 10, the finite element inplane stiffness
matrices were scaled by (1 - v2) to correlate with Eq. (1.4)
of Ref. 10. This comparison is shown in Fig. 3 for several
uniform temperature changes A77Arcr (= - Rx/7r2 in Ref. 10)
of 0, 1, 2, and 3. The finite element results using the LUM/
NTF linearizing method agree extremely well with Dowell's
results.

Arbitrary Temperature Distribution
To investigate the effects of temperature on panel flutter

behavior, uniform temperature change AT = T0 and sym-
metric sinusoidal temperature variation along panel length

= Tl sin irx/L have been considered as the two tem-

AT/ATcr=3.0 2.0 1 .0 0.0
0.8

0.6

c/h

0.0
100 200 600

Fig. 3 Comparison of finite element and numerical time integration
(six modes) limit-cycle results for a simply supported panel.

K

2000

1500

1000

500

-500

Fig. 4 Eigenvalue and limit-cycle amplitude vs dynamic pressure for
a simply supported panel at Ar(jt)/Arcr = 0.
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perature distributions. Similar conclusions as those in Ref. 1
are obtained, i.e., for two different temperature distributions
1) AT^*) and 2) AT2(X), if their temperature ratios are the
same

(22)

then their limit-cycle dynamic pressures A,, limit-cycle eigen-
values KI (or panel frequencies of vibration), and limit-cycle
panel amplitudes wt are identical, but not the inplane dis-
placements.

Eigenvalue and Amplitude vs Dynamic Pressure
Dynamic response of an aerothermally buckled panel can

be obtained by solving the eigenproblems of Eqs. (12) and
(15) for critical dynamic pressure and limit-cycle motions. The
influence of temperature on eigenvalue variation vs dynamic
pressure for a simply supported panel is shown in Figs. 4-6.
In Fig. 4, the coalescence of the first and second eigenvalues
occurs at Acr = 343.45 for AT(jc)/Arcr = 0. Classical analytical
methods established coalescence at 343.36. Thus, finite ele-
ment results compared extremely well with classical solutions.
Limit-cycle oscillations occur for A > Acr with increasing am-
plitude as A/ increases. The maximum dynamic deflection

2000

1500

K

1000

500

•500
500

Fig. 5 Eigenvalue and limit-cycle amplitude vs dynamic pressure for
a simply supported panel at Ar(jc)/Arcr = 2.0.

2000

1500

K
1000

500

200 300 400 500
-500

Fig. 6 Eigenvalue and limit-cycle amplitude vs dynamic pressure for
a simply supported panel at Ar(jc)/Arcr = 3.2.

W/h

0.0
0 100 200 300 400 500 600 700 800

Fig. 7 Maximum deflection vs dynamic pressure for a simply sup-
ported panel at various Ar(*)/A7cr.

. 0.9 1.0 1.1 1.2 1.3 1.4 1.5

IMONiC LIK
V ' (FLUTTER REGION)-

" (Ws=0) v K

X \l\ N

^PERIODIC

Fig. 8 Static-stability and flutter boundaries, and limit-cycle ampli-
tudes for a simply supported panel.

WJh (or dh at x = 3L/4) of 0.2, 0.4, and 0.6 are also marked
on the limit-cycle curve.

The effect of temperature on panel flutter behavior are
shown in Figs. 5 and 6. In Fig. 5, the critical dynamic pressure
drops drastically down to Acr - 190.92 at Ar(jc)/ATcr - 2.0.
The panel is thermally buckled at AT(;c)/Arcr - 2.0 and A =
0. As A is increased, the aerothermally buckled deflection
{W}s and KJ and /c2 are all decreasing. When A reaches the
value of 103.35, the panel becomes flat and the lowest /q is
zero. As A is further increased, the panel remains flat and the
two eigenvalues approach one another and they finally coa-
lesce at Acr = 190.92. As A is increased beyond the critical
value, limit-cycle panel motions occur.

In Fig. 6, the critical dynamic pressure reduces to the small-
est Acr = 114.163 at Ar(jc)/Arcr - 3.2. The panel is thermally
buckled at Ar(jc)/ATcr = 3.2 and A = 0. As A is increased,
the aerothermally buckled panel flattens out. When A reaches
Acr, the panel deflection, KJ and K2 are all zero. As A is in-
creased further from the critical value, the panel goes im-
mediately to limit-cycle motions. This Ar(^)/ATcr = 3.2 and
A = 114.163 is a very special temperature-dynamic pressure
pair such that four regions of different panel motions (flat,
buckled, limit-cycle, and chaotic) all intersect at this single
point A as indicated in Fig. 8. The limit-cycle amplitudes
dh = 0.2, 0.4, 0.6, 0.8, and 1.0 (they are also the total panel
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deflections due to {W}s = 0) are shown on the limit-cycle
curve.

The total deflection W/h (at x = 0.75L) vs A with different
Ar(x)/Arcr are plotted in Fig. 7. The set of curves on the left
side is obtained from Eq. (6). Since at that time A has not
reached the critical value and the flutter (limit-cycle oscilla-
tion) has not started (Wt = 0). On the other hand, the set of
curves at the right side is obtained from Eq. (7) only, since
at that stage the panel has been blown flat (Ws = 0). The
discontinuities of the curves at temperature ratios over 3.2
(e.g., Ar(x)/A:rcr = 4 or 7) are due to the chaotic area (Fig.
8). It can be considered that the chaotic motions are bounded
with a static deflection WJh < 1.1 and a dynamic amplitude
Wth < 1.5 for temperature ratio of 7, and both WJh and
WJh are within 0.65 for temperature ratio of 4.

W/h

0.00 1.00

Fig. 9 Limit-cycle deflection of a simply supported panel at
Arcr = 3 and A, = 1045.6.

0.00

Fig. 10 Stress distributions of a simply supported panel at
AJcr = 3 and A, = 1045.6.

Static Stability and Flutter Boundaries
Basically, Eq. (6) presents a postbuckling problem with the

combined loading of temperature kT(x) and aerodynamic
pressure. The static stability boundaries can be found as shown
in Fig. 8. Figure 8 is a plot of A vs AT(jc)/ATcr, the line CAEG
is the boundary which divides the buckled ({W}s =£ 0) and
the flat ({W}s = 0) panel regions. In the region above CAEG,
Eq. (6) gives a converged trivial solution {W}s = 0 and the
panel is flat. The region below the curve CAB, Eq. (6) gives
a converged nontrivial solution ({W}s ± 0) and the panel is
buckled. Within the area of BAEF bifurcation occurs, Eq.
(6) fails to have a converged real solution ({W}s undeter-
mined). In the region of EFG, Eq. (6) gives a converged
solution, again the panel is in a buckled equilibrium position
({W}s + 0). With the examination of the dynamic equation,
Eq. (7), it is found that the region below the curve DAB there
is no flutter motion (large-amplitude limit-cycle oscillations).
The panel remains in the equilibrium position with small-
amplitude vibrations. The region above the curve DAEG,
Eq. (7) has a converged limit-cycle solution, the panel oscil-
lates from a flat static equilibrium position ({W}s = 0), and
harmonic motion is obtained. In the region of EFG, Eq. (7)
is solved based on a buckled panel, a periodic nonharmonic
motion is expected. In the area of bifurcation BAEF, Eq. (7)
loses the static solution ({W}s undetermined) and chaotic mo-
tion happens.26 The importance of Eq. (6) is that it not only
deals with static solutions, but also determines the nature of
dynamic solutions due to the coupling of Eqs. (6) and (7).
The chaotic boundaries of a panel could be traced out by
applying Eq. (6) with increments of temperature and dynamic
pressure. Those boundaries compared well to other analytical
solutions.18'26 In Fig. 8, DA is a critical flutter boundary ob-
tained from Eq. (12) or corresponding to c = 0 in Eq. (15).
With the increase of dynamic deflection c/h, parallel-like curves
could be drawn in the limit-cycle region of DAG. The values
at the low ends of those curves bound chaotic motion. In the
statically buckled area FEG, a nonharmonic periodic motion
should be expected. This is physically due to the nontrivial
{Ws} and mathematically leads to a quadratic nonlinear term
in Eq. (7). The LUM/NTF solution procedure also approxi-
mates this quadratic term to a simple harmonic term, thus
this approach still gives a harmonic approximation. More ac-
curate methods (time integration,10 harmonic increments27)
are needed to analyze the nonharmonic motion but should
pay the price of computation time. It is found that at mod-
erately large A and AT(jc)/ATcr, some dynamic instability could
be reached. At that time Eq. (7) cannot give a converged
solution in the iterations. This phenomenon was also observed
in the time-integration solution.10'26

Dynamic Pressure-Fatigue Life (A-#) Curve
In the fatigue life analyses, the material ultimate tensile

stress is chosen to be 40 ksi. The deflections and total stress
distributions for Ar(^)/ATcr = 3 and A/ = 1045.59 are plotted
in Figs. 9 and 10, it can be seen that the nonlinear stretching
stress plays a significant role. Some of the stresses, frequen-
cies, dynamic pressures, and panel life are listed in Table 1
for reference. The A-// curves are plotted in Figs. 11 and 12
with different scales. It can be seen that when A is less than
1350 for Ar(*)/A7;r = 0, the panel has "infinite" hours of

Table 1 Stresses, frequency / and panel life at various A/ and A7VArcr = 3 of a simply
supported panel

c/h , ksi , ksi ksi /,Hz log AT H, h
1086.70
1175.61
1274.53
1484.42
1694.68
1784.21

1.62
1.66
1.70
1.80
1.90
1.94

7.4705
8.0284
8.6341
9.8768
11.0726
11.5736

12.2632
13.1795
14.1862
16.2787
18.3181
19.1705

-0.8021
-0.8021
-0.8021
-0.8021
-0.8021
-0.8021

274.59
288.38
303.29
333.60
362.34
374.15

15.4
10.5
8.7
6.8
5.6
5.2

2.54 x 109
3.05 x 104
459.02
5.25
0.305
0.118
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Fig. 11 Limit-cycle dynamic pressure vs fatigue life for a simply
supported panel at various Ar(*)/Arcr (crt = 40 ksi).
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Fig. 12 Limit-cycle dynamic pressure vs fatigue life for a simply
supported panel at various Ar(*)/Arcr (<rt = 40 ksi).

life time. This dynamic pressure is called the endurance dy-
namic pressure Xe. For the case of AT(jt)/ATcr = 2, \e = 1240;
Ar(jc)/Arcr - 3, A, = 1170, and Ar(;t)/Arcr = 4, A, = 1100.
The endurance aerodynamic pressure is useful information
for designs of panels. Recall the critical dynamic pressure
Acr = 129 at Ar(jc)/Arcr = 3 and Acr - 191 at &T(x)IMcr =
2, those indicate that the design based on the linear theory is
conservative, and the nonlinear panel flutter and fatigue anal-
yses can increase the designing pressure. In addition, the A-
H curves can be used with the well-known Miner's linear
cumulative damage theory in estimating panel fatigue life.
That is, the percentage of damage D due to dynamic pressures
A, with hi hours is accumulated as

h,

Another interesting result, A7can be seen from Fig. 11, i.e.,
when the dynamic pressure reaches a certain level (e.g., AT/
ATcr = 3 and Xf = 1800), the panel would fail immediately,
although at that time the total stress is much less than the
ultimate strength of 40 ksi (see Table 1).

Conclusions and Remarks
The present finite element formulation and solution pro-

cedure is consistent, accurate, and efficient for analyzing non-
linear panel flutter with temperature effects. This procedure
could be a useful tool in flutter analysis and design of complex
panels.

The two-step decomposition solution procedure is based on
a mathematical approach. In the first step, the solution of the
equilibrium position gives clear boundaries to determine dy-
namic characteristics of the panel. The LUM/NTF approxi-
mation gives accurate results for the harmonic limit-cycle mo-
tion. For a nonharmonic periodic motion, however, this
approach will give an equivalent harmonic motion. This is
due to the limitation of the frequency domain harmonic as-
sumption.

The \-H curve is necessary in panel fatigue analysis, since
the stresses, frequency, aerodynamic pressure, and temper-
ature are uniquely related in the limit-cycle motions of the
panel. The result from fatigue life analysis gives Ae, which is
much larger than critical pressure Ac. It is concluded that the
panel is overdesigned based on linear flutter theory.
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